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(Received 14 April 1986, accepted 20 May 1986)

We report the solution of the excluded volume problem for a pair of biaxial
hard molecules; namely, sphero-platelets. As an application of this result we study
the isotropic to nematic liquid crystal transition for a fluid composed of these
particles in the Onsager limit (length > breadth or width). We show that the range
of stability of the isotropic phase decreases with increasing particle biaxiality.

1. Introduction

Hard particle fluids play a major role as models and reference systems for a wide
variety of systems, varying from simple monatomic liquids to colloidal suspensions of
molecular aggregates. At present, however, only the hard sphere fluid can be regarded
as being adequately understood on a theoretical level [1]). Non-spherical hard particle
systems studied so far were either formed by assemblies of fused hard spheres or
convex shapes with one axis of rotational symmetry. The latter type of model has been
extensively applied in the field of liquid crystal research [2]. This application was
pioneered by Onsager [3], who was able to show how excluded volume effects can
account for the transition to an orientationally ordered fluid phase in a system for
very elongated hard rods. A crucial ingredient of this theory, as well as of most of its
successors, is the determination of the pair excluded volume of the particles involved.
Explicit analytical results for this quantity have been obtained so far for circular
cylinders, sphero-cylinders [3] and ellipsoids of revolution {4]. As real molecules are
in general not uniaxially symmetric, it is natural to inquire about the role of particle
biaxiality in this type of model. This problem has already received some attention, but
was studied either through effective potential approximations [5-8] or models with
restricted particle orientations [9, 10]. It is our aim to carry the understanding of the
role of particle biaxiality in hard particle fluids one step further, by giving, to our
knowledge, the first explicit derivation of the excluded volume of two biaxial bodies
with arbitrary fixed relative orientation. This paper is organized as follows. In §2 we
introduce our biaxial particle, namely the sphero-platelet, and solve the excluded
volume problem for sphero-platelets. Section 3 discusses order parameters and expan-
sions of orientational distribution functions relevant to this system. As an application
of our result the isotropic-—nematic transition of the sphero-platelet fluid is studied in
the Onsager limit in §4, resulting in a prediction for the upper-bound in the density
of the transition as a function of particle biaxiality. Some conclusions and ideas for
further research are presented in §5.

+ Present address: Van’t Hoff Laboratorium voor Fysische en Colloidchemie, Padualaan 8,
3584 CH Utrecht, The Netherlands.
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2. Sphero-platelets and their excluded volume

The biaxial convex body we introduce is a direct generalization of the well-known
sphero-cylinder, if we interpret this shape in a novel way. Instead of looking at it as
a cylinder of length L and radius a capped with two hemispheres of the same radius,
we can consider it to be the set bounded by those points, whose smallest distance to
a straight line piece of length L is equal to a. More precisely (the concepts from the
theory of convex bodies employed here can be found in [11]) the sphero-cylinder is a
parallel body of a line piece. Using the definition of Minkowski addition we can
denote it as

SC = YO %, = {x|x=1+b,le L bea,), @2.1)

where & is a line piece of length L and 4, a sphere of radius a. The biaxial
sphero-platelet immediately follows if we take a rectangular platelet as basis instead
of a line piece, as illustrated in figure 1. Formally we have

SP = 2@ 4, (2.2)

where Z is a rectangular platelet of length ¢ and breadth b, where, as in the following
we assume ¢ = b > a. We recover the familiar cases of a sphero-cylinder and a
sphere by setting b or b and ¢ to zero respectively.

& —]

Figure 1. The sphero-platelet obtained by Minkowski adding a platelet and a sphere.

The quantity we are interested in is the excluded volume of two sphero-platelets
with fixed orientations. The excluded volume E(A4, B) of two sphero-platelets, 4 and
B, can be expressed as the volume of the Minkowsi sum of the two bodies

E(4, B) ViA® Bl = VIZ,® %,) © (% © 8.),
VIZ#4 @ Z3) @ %) (23)

Here V is the volume-functional, and commutativity and associativity of Minkowski
addition were applied. From equation (2.3) we see that we have to determine the

il
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volume of the parallel-body of radius 24 of the convex polyhedron Z,, = Z, ® %;.
The volume of the parallel body of radius ¢ of a polyhedron 2 is given by the Steiner
formula

4n

3

where S is the surface-area functional and M the edge-curvature defined as

ViZ2 @ 8] = VIZ] + S[Ple + M{Z]e" + — ¢, 249

MZ) = 1Y 5o, 2.5)

edges

where s; is the length of the edge j and @, the angle between the normals of the faces
meeting at edge ;.

Figure 2. The polyhedron £,;; the excluded volume of two identical rectangular platelets.

We describe the sphero-platelets by orthonormal frames {4;},_, 3 and {5,;},_;
with the 1 direction normal to the basis platelet. Figure 2 shows the polyhedron 2,,
for a typical pair of orientations. Note that 2, is generated by sweeping out space
as platelet B moves with its centre over all points of platelet 4. The frames of 4 and
B are linked by a cartesian rotation

5[ = Q[jdj. (2'6)

We start by determining the volume V[#,;]. This will be done in two stages.
(i) Determine the volume of the parallepiped # that is generated as %, is transported
over a distance b in the 4, direction. (ii) Determine V[2 ;] as the volume swept out
by # as it is transported over a distance c in the 4, direction. When a solid body S
is transported over a distance d in the direction #, the volume swept out is given by

V = dA(S,A) + V[S], e

where V[S] is the volume of S and A(S, n) the area of the projection of S on a plane
perpendicular to 7 (cf. figure 3). We find

V[@] = bA(g?B,dz),
= b|Proj (bby; d;) A Proj(chs, dy)l, (2.8)
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1 | '. /\A{sﬁ}
e

\
Figure 3. A two-dimensional illustration of the dependence of the volume swept out by a
translation of a solid body S in a direction #, on the volume of the body, the distance
of translation and the projection of the body on a plane normal to 7.

Figure 4, Construction of the projected area A(#, d,), showing that it is equal to the area of
the projection of B on the (4,,d,) plane plus the area of the rectangle formed by the
diameter of this projection and the translation over a distance b along d,.

where Proj (v, @) denotes the projection of the vector v on the plane with normal A,
and A is the vector exterior product. Using equation (2.6) this works out as

VIZ] = bc1Q:Q — 95, Q,
= b|Qy,. 2.9)
The second step consists of another application of equation (2.7)
VIPsl = cA4,ad,) + VA (2.10)
The computation of A(#, d,) is illustrated in figure 4;
A(#,d;) = |[Proj(bb,, d;) A Proj(ch,, )| + b{|bb,- & + |cby - d,f}
be{|Qy;) + 1941} + PQy). (2.11)

Thus
V2] = BellQnl + 10} + bA{1Q4] + 1941} (2.12)

The surface area of 2, is the sum of the areas of the twelve faces, that are pairwise
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the same (cf. figure 2). We have
S[2] = 2bcld, A a4 + 2B2|d, A by + 2bc|dy A I
+2bclb, A by + 2bcldy A by + 2¢%)d; A By
4be + 267{Q} + Q5172 + 2bc{Q, + Q%)
+2bc{Q + Q%32 + 2% + QL)' (2.13)

The edge curvature of £, is easily read off from inspection of figure 2,
M[P,;5] = 2nb + 2nc. (2.14)

Combining these results with equation (2.4) yields the explicit form of the excluded
volume

2 3

EAB) = > ;“’ + 8na’h + Sma’c + 8abc + dabc{QZ, + QL)1
+aabe{Q, + Q)P + 4ab (R + QL) + dac{R + Q)7
+02c{|Ql + 1Qp1} + b3 {1Q4] + 195} (2.15)

Inserting the expressions for the rotation matrix elements in terms of the standard
Euler angles («, f, y) our final result becomes

32na’

E(4,B) = —

+ 8na’h + 8na’c + 8abc + 4abc{(cos’asin’f + cos’ )

+ (cos?ysin’ B + cos’B)'?} + 4ab*{(sin’asin’ Bsin’y + cos’asin’y
+sinacos’y + 2sinacosacos Bsinycosy)?} + 4ac’|sin B|
+b’c{|cosasiny + sinacos Bcosy| + [sinacosy + cosacos fsiny|}
+ be*{|cosasin | + |cosysin |}. (2.16)

As a check on this formula we compute its average over all relative orientations. The
integrals involved are of two types

1 .
o [ @i 61 -
and | 2.17)

WJdQBl(dk A 51)|

N[

LR

We obtain

3274’
3

E,p = + 8na’h + 8ma’c + 8abc + 2mabc + mab® + bc + bc*.  (2.18)

Using an elegant integral geometrical formula, the orientation averaged excluded
volume can be expressed purely in quantities related to a single sphero-platelet
E, 5 = 2V[A] + 2M[A]S[A]. (2.19)

Here V[A] is the volume, M[A] the surface averaged mean curvature and S[A] the
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surface area. The volume and surface area are

V4] = 4z a® + ma*h + na’c + 2abc,
3 (2.20)

S[A] = 4nd® + 2nab + 2nac + 2bc.

The surface averaged mean curvature is defined as

1 141 1
M[4] = y de,, 3 {E + E}, (2.21)
where R, R, are the principal radii of curvature, and dS, an element of surface area.
For the sphero-platelet only the spherical and cylindrical parts contribute,
1
4r
= a+ ib + L (2.22)

1 i
M[A] {4na2 -+ (2rab + 2mac) %}

Inserting these results in equation (2.19) leads to identity with equation (2.18).

3. Order parameters and distribution functions

In this section we address the definition of order parameters and orientational
distribution functions relevant to fluids composed of biaxial particles. This problem
has been discussed by several authors [5,6,8], mainly concerned with a correct
description of biaxial liquid-crystalline phases. Straley was the first to argue, in
reference to a specific model he constructed, that a set of four order parameters would
be necessary and sufficient [6]. We rederive this observation here, showing how it
relates to assumptions about the symmetries of the molecules as well as the sym-
metries of the phases we wish to describe. Consider particles possessing (like the
sphero-platelet) three mutually orthogonal planes of mirror symmetry. The orienta-
tion of such a particle with respect to a fixed reference frame can be specified by giving
two unit vectors, 4 and 9, chosen orthogonal to two of the mirror planes (cf. figure 5).
These unit vectors can be used to build two tensorial second rank order parameters

U = <ﬁ®ﬁ>,}
V = {3 ®9),

and

3.1

Figure 5. A biaxial particle with three orthogonal mirror planes and the molecular frame
{ua,d, w} associated with it.
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where ® denotes the direct product and the brackets signify equilibrium averaging.
U and V are symmetric and have trace unity (Tr(U) = i -4 = 1), so in principle
contain five independent elements each. Due to the orthogonality of & and 9, one extra
relation exists, leaving nine independent elements in all. Focusing on spatially homo-
geneous but possibly anisotropic phases, we now inquire into the conditions necessary
to be able to diagonalize simultaneously U and V. Introducing an orientational
distribution function (€2) describing the phase and a measure on the orientations dQ,
we write the averages in equation (3.1) as integrals, for example

U = JdQ Y(Q)a(Q) ® (). (3.2)
Forming the commutator of U and V we find
U.V], = ¢ j dQ j 4O () YA - QN GEQ) A 9@, (33)

where summation over / is implied. Considering the invariance of the measure under
reflections, and the axial nature of the exterior product, we find that [U, V] will vanish
if the distribution described by () has three mutually orthogonal mirror symmetry
planes. In that case the simultaneous diagonalization can be carried through and we
are left with four independent matrix elements. The relatively natural assumption that
a spatially homogeneous phase will have a symmetry higher or equal to that of the
constituent particles, is the basis of this result. We now turn to the question of which
order parameters to use in practice. To this end we define a set of functions to serve
as a basis for the expansion of the orientational distribution function, consistent with
these conditions on the phase and particle symmetry. We start with an expansion of
the distribution function in terms of the standard rotation matrix elements (through-
out we employ the conventions of [12])

V) = Y a"2,.(Q), (34

where the summation runs over L and m, n in their appropriate ranges. The assump-
tion that both phase and particles possess three mutually orthogonal mirror planes
leads to the following facts:

(i) only terms with L, m and n even contribute;
(ii) the expansion coefficients satisfy the identities,
ap" = apr" = a™" = a;™ "
We therefore introduce the functions
0nn(@) = GJFmtm (D0 (Q) + Dy, Q) + 95,,,(Q) + DL, (D)},
m,n =0 3.5)
and expand
V@) = ) qr"0n (D), (3.6)

where L takes on only even values and m and n even, non-negative values. The Q. ,’s
are real functions satisfying the orthogonality conditions

. 8n?
J dQQ, .(Q) 0 () = L1 01,1 O v O - (3.7
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They also form a closed set under composition of rotations in the sense that

2
[0 ot 0@ = 7 00t 0h@ (3:8)

Specializing to the case L = 2, we find the following set of four functions
0@ = 1Bcos’f — 1),
03,(Q) = 1./3sin’Bcos2a,
0:,(Q) = 1./3sin’Bcos2y,
03,(Q) = 1(1 + cos*B)cos2xcos2y — cos fsin2asin2y.

(3.9)

These are, apart from some normalization constants, the functions employed by
Straley. The associated order parameters are

qg.o = <Q§O>s q%o = <Q§0>9}
937 = Q5. ¢t = Qi

All four parameters are identically zero in an isotropic phase. If the phase has
azimuthal symmetry around the preferred z axis, the parameters ¢2° and g3>
vanish, showing that they signal the appearance of a biaxial phase. g% and g¢3?
describe uniaxial phases, the first being equal to the Maier—Saupe order parameter

S = {(Py(cos B)>.

(3.10)

4. Onsager theory

Since no truly satisfactory theory for the equation of state of hard particle fluids
at finite packing fractions exists at present [13] we shall look at a limiting case where
the information on the excluded volume of the sphero-platelets we have obtained can
be put to full advantage. We pass to the so-called Onsager limit where we iet the length
¢ of the particles tend to infinity, while the average excluded volume, and hence the
second virial coefficient B,, are kept finite. In this limit Onsager was able to show that
the third virial coefficient B, vanishes as

By (K€
B}  \¢ B\% )’

where k is a constant [3]. Higher order virial coefficients are expected to decrease even
more rapidly as function of ¢, an effect that has been observed in numerical calcu-
lations of these quantities [14]. If we now make a density expansion of the free energy
functional [15], we need to take into account only terms linear in the density

Bl = f dQy(Q)log (@) + eBlY] + fi(B. 0), 4.1
where f'is the free-energy per particle, § is the inverse temperature, f, does not depend

on the orientational distribution function, and B,[y] is the second virial coefficient
defined as

Byl = % f a0 f aQy y( Q) y(Q) E@Q, Q). 4.2)

E is the excluded volume of two sphero-platelets with fixed orientations in the
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Onsager limit, hence
EQ,Q) = EQ'Q) = EQp),
e{sinB + AsinB(jcosa| + |cosy|)}, 4.3)

where we have introduced the finite quantities ¢ = 4ac?, A = 1(b/a) and the relative
orientation Qy = Q' 'Q = (a, B, 7). This is easily obtained from equation (2.16) and
our definition of the Onsager limit. A necessary requirement for equilibrium is that
the free energy be stationary under variations of the orientational distribution func-
tion. This leads to the familiar equation for the distribution function

logy(Q) + o f aQ y(QHYEQ,Q) = K, (4.4)

where K is a constant related to the normalization of . We shall not attempt to obtain
the full solution to equation (4.4) here, but concentrate on the more modest question
of finding an upper bound on the density of the stability of the isotropic fluid phase.
The method we employ is a bifurcation analysis of the non-linear integral equation
(4.4), closely following Kayser and Raveché [16], who were the first to apply this
technique to the isotropic—nematic transition of the sphero-cylinder fluid. The essence
of the procedure is to linearize equation (4.4) around the isotropic distribution, which
is a solution at every density, and then determine the density at which this linearized
equation admits solutions corresponding to an ordered phase. The mathematical
background to the technique is discussed in Krasnosel’skii [17].
We first introduce a perturbation to the isotropic distribution through

VQ) = gzl + @) @3
where due to the normalization of the distribution function we have
JdQ Q) = 0. 4.6
Insertion into equation (4.1) and linearizing then yields
Q) = —8—£:I—2JdQ’E~(Q, Q) 2(Q). @.7)

Since non-zero values of the four order parameters introduced in equations (3.9) and
(3.10) are a sufficient criterion for ordering, we take the perturbation to be of the form

Q) = Y 5" 0D (4.8)

Since the excluded volume as a function of the relative orientation Qg possesses the
same symmetries we have assumed for the distribution functions, we can expand

EQQ) = ¥ el Q. (Qr). 4.9)

We refer to the Appendix for an explicit evaluation of the expansion coefficients ef"".
Using equations (4.8) and (4.9) the linearized equation (4.7) is turned into a matrix
eigenvalue problem,

2
{%— S5n + e;-"} @ = 0. (4.10)
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Although there are four components ¢5", the independence of equation (4.10) on the
first index shows that the problem factorizes into two identical 2 x 2 problems,
involving the order parameter pairs (¢5°, 4>?) and (¢3'°, g3'*) respectively. The matrix
5" has only two independent non-zero elements, that can be evaluated with the help
of the Appendix

A
€3 = ¢e[d, + 2AB)] = —8n’e [37[—2- + §] = —8n’ep,
4.11)
2,0 0,2 2 A\/3 (
2’ = & = f2eAB} = 81&:7 = 8nlev.

Introducing the dimensionless density d = ge, the bifurcation density d* is deter-
mined by the largest positive root of

1
d
1 =-‘%—§—v2=0. (4.12)
v d
and so
Zl*? = ip+ ¥ + 42 (4.13)
St
nd* 4
8
3t
2L
‘|..

0 01 02 03 04 05
A —

Figure 6. Plot of ind*, where d* is the bifurcation density, as a function of the biaxiality
parameter A.

In figure 6 we have plotted d* as a function of the molecular biaxiality parameter A.
For the case A = 0 corresponding to the sphero-cylinder in the Onsager limit we see
that

Lnd*A = 0) = *B,(A =0) = 4, (4.14)

which reproduces the result of [16]. We note that g* decreases as the biaxiality A is
increased. This is analogous to the increase in the corresponding temperature T* in
Straley’s model [6]. Since we are dealing with the isotropic—nematic transition, the
information in the subspace spanned by the biaxial order parameters (43°,437) is
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redundant, and consistent solutions to equation (4.10) are obtained by setting them
equal to zero.

Experience with other models [6, 8, 10] has shown that at a certain particle biaxial-
ity, marking the cross over from rod-like to plate-like behaviour, the system should
show an isotropic-to-biaxial transition of second order, at the meeting point of the
first order transition lines to the rod-like and plate-like uniaxial phases. An analysis
of the direction of bifurcation as function of the biaxiality should be able to identify
this point, where all four order parameters become non-zero simultaneously. Unfor-
tunately this cannot be studied in the context of the present model, as the cross over
from rods to plates occurs in a regime where the length and the breadth of the particle
are of the same order (b ~ c¢). This is a regime where Onsager’s results no long apply,
and a more elaborate free energy functional would have to be constructed.

5. Conclusions

The explicit solution of the excluded volume problem of sphero-platelets is a
starting point for the study of the role of particle biaxiality in hard particle fluids. The
Onsager limit provides a well defined, albeit somewhat unrealistic, case for testing our
ideas on these systems. Our preliminary result on the upper bound of the stability of
the isotropic phase as a function of particle biaxiality, however, is interesting in its
own right. Since the relative distance (¢* — ¢1)/0*, where ¢* is the bifurcation density
and gy the actual transition density, between the limits of absolute and thermodynamic
stability of the isotropic phase is known to be quite small (~ 10 per cent), we can infer
that particle biaxiality lowers the transition density.

As a next step we could study all the solutions to the variational equation for the
equilibrium orientational distribution function (cf. equation (4.4)) and thus obtain
information on the actual location of the isotropic-nematic transition as well as the
expected biaxial phase. Unfortunately this is a somewhat dubious application, as
Onsager’s argument on the disappearance of higher order virial coefficients is no
longer valid for strongly ordered systems, rendering the free energy functional in
equation (4.1) inadequate.

The physically more interesting case of systems at finite packing fractions is
correspondingly harder to tackle. We could, given our result for the excluded volume
of sphero-platelets, apply either scaled particle theory [2] or the y expansion [13] to
predict the phase diagram of such systems. Given the state of the art, however, a
critical comparison with data obtained by direct simulation seems indispensable.
Especially predictions regarding the presence of a biaxial liquid-crystalline phase,
merit some caution until more definite evidence of their existence is gathered.

We would like to thank Daan Frenkel for a critical reading of the manuscript.
Financial support from ‘Stichting FOM’, which is funded by ‘Nederlandse Organisatie
voor Zuiver-Wetenschappelijk Onderzoek (ZWOY)’ is acknowledged.

Appendix
In this Appendix we evaluate the coefficients in the expansion

~ 1
E@ - z(“&j; )em,f,,,(n), (A




16: 43 26 January 2011

Downl oaded At:

550 B. M. Mulder

where E(Q) is the excluded volume of two sphero-platelets in the Onsager limit
EQ) = s[sinf + Asinf{|cosal + |cosy|}]. (A2)

The coefficients can be expressed in terms of integrals over rotation matrices
erd = (\/2)2“‘5""”‘5"'0 '[dQ E©) 2% ,(Q). (A3)
Introducing

A, = Jdﬂsinﬁ@éo(ﬂ),
(A4)
B = JdQsinﬂlcosal@,ﬁ’O(Q),

the coefficient e}'? can be expressed as
e = &2 0 %0{A,6,06,0 + ABF{8, n040 + 8,00, m}} (A5)

First we evaluate A4,

1
A, = [dasnpoty@ = @0 | @ -t RO. 4o
-1
The integral can be found in [18] as formula 7.132 (1)

4, = @apl r'G) (A7)
LT 4GL + DIPGL + DG - DTG - 31D
Using the reflection formula for the I function this reduces to
| QL + )
4GL + DAL + DAL = 1y

AL =

(A8)
Turning to B’ we have

BT = j dQsin f|cos a| D) o(Q),

It

2n rn duexp (— ima)|cos «| f de[l — E1dr (&), (A9)

0

= 2nl,-J,
where we have introduced the reduced matrix element
s = {52 preo, (A10)
The integral I, is readily evaluated
I, = 4 f’/z docosmocosa = S Sl . (A11)
0 m+ )(m — 1)

We introduce the following integral representation for the associated Legendre poly-
nomial ([19,§4.6.2]; n.b. the formula given in [18] as 8.711.2 lacks the factor i)

(Lt m) 1

P = 7 - f d®cosm®[¢ + (£2 — 1) Pcos @, &2 0. (A12)
: 0
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Since P;" is even for L,m even we have

2im {(L - m)‘(L + m)}l/2

I = L

1 n
x%j déf do[1 — &3] cos m®[E + (£ — 1)'7cos ®)F
0 0

m AL — mL + m)}'? & I
l u IS <2k>

N BA(L —2k+ 1),k +3)
2%k + DBCGQRk + M + 2,12k — M + 2))°

where B(x, y) is the Euler Beta function.

References
[1] For a review see: HANSEN, J. P., and McDoNaLD, 1. R., 1976, The Theory of Simple
Liquids (Academic Press).
[2] For a review see: COTTER, M. A., 1979, The Molecular Physics of Liquid Crystals, edited
by G. R. Luckhurst and G. W. Gray (Academic Press).
[3] ONSAGER, L., 1949, Ann. N.Y. Acad. Sci., 51, 627.
[4] IsIHARA, A., 1956, J. chem. Phys., 56, 4729.
[5} FrEser, M. 1., 1971, Molec. Crystals lig. Crystals, 14, 165.
[6] STRALEY, J. P., 1974, Phys. Rev. A, 10, 1881.
[7]1 LuckHursT, G. R., ZANNONI, C., NORDIO, P. L., and SEGRE, U., 1975, Molec. Phys., 30,
1345. LuckHURST, G. R., and RoMaNo, S., 1980, Molec. Phys., 40, 129.
[8] MULDER, B. M., and RUUGROK, TH. W., 1982, Physica A, 113, 145.
[9] ALBen, R., McCoLt, J. R., and SHmH, C. S., 1972, Solid St. Commun., 11, 1081.
SHiH, C. S., and ALBEN, R, 1972, J. chem. Phys., 57, 3055. ALBEN, R., 1973, Phys. Rev.
Lett., 30, 778.
[10] GELBART, W. M., and BarBoy, B., 1980, Accts chem. Res, 13, 290. BARBOY, B., and
GELBART, W. M., 1980, J. statist. Phys., 22, 709.
[11] HADWIGER, H., 1955, Altes und Neues iiber Konvexe Korper (Birkhduser Verlag).
[12] Brink, D. M., and SATCHLER, G. R., 1962, Angular Momentum (Oxford University Press).
[13] MULDER, B. M., and FRENKEL, D., 1985, Molec. Phys., 55, 1193.
[14] WiLLiaMs, G. O., and FRENKEL, D. (private communications).
[15] MoriTa, T., and HIROIKE, K., 1960, Prog. theor. Phys., 23, 1006; 1961, Ibid., 24, 317; 1961,
Ibid., 25, 357.
[16] KAYSER, R. F., and RAavecHE, H. J., 1978, Phys. Rev. A, 17, 2067.
[17] KRASNOSEL’SKII, M. A., 1964, Topological Methods in the Theory of Non-linear Integral
Equations (Pergamon/Macmillan).
[18] GrADSHTEYN, L. S., and RyzHIK, I. M., 1980, Table of Integrals, Series and Products
(Academic Press).
[19] MaGNUs, W., OBERHETTINGER, F., and SoNi, P. P., 1966, Formulas and Theorems for the
Special Functions of Mathematical Physics (Springer-Verlag).



